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Math 4 Honors Name
Lesson 5-7: Summation Notation Date
Learning Goals:

o [ can use summation notation used to write sums.
» Jcan rewrite sums recursively.

I  The Greek philosopher Zeno of Elea lived around 450 B.C. and 15 famous for his paradoxzes. One of
them invelves arunner who is trying to go from point A to point B, Zeno pointed out that the runner
would first have to go half the distance, then half the remaining distance, and so forth, as shown below.
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Zeno observed that the total time required for the runner to reach point B would have to equal the sum of
an infinite collective of positive numbers: 1 1 1
— 4+ —+ —+ ..
2 4 8

Thiz scenario is called The Dichotomy Paradox: A statement or proposition that seems self-contradictory

or absurd but in reality expresses a possible truth
“That which is in locamation must arrive af the halfway stage bafore it arrives af the goal ”

Why is this considered a paradox?

What is your opinion?

Summation notation, or sigma notation, is used for representing swms such as that arising from the
Dichotomy Paradox.

Summation Notation (adding consecutive terms in a sequence) is defined as follows:
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~idex  (assume that s and » are integers, m < 1)

One wav to calculate the sum of the first five terms of the Dichotomy Paradox using summation
notation is as follows:
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The index variable is the only variable for which values are substituted when the
expanded form is written.
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http://www.youtube.com/watch?v=mbnnftuwa0k
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Examples:

1. Write in expanded form, then find the value of the sum.
‘panaes 1o

. 4= Q0 C S k-2 = 2

i=-1

4. 90+ 1074y +§8)

2. Write using summation notation: TH144 21428455442 6i

3 () Ee-write the sentence below using summation notation. (k) Then show that it is true forz =13
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I Writing sums in more than one way:

The index, i, of the sum can be replaced by any other variable without changing the meaning of the sum
as leng as the replacement 15 made every place in the sum where the index occurs. For example:
5

Z(zf){j:(zyl):z2 +Z+2+2= ()

Furthermore, thiz same sum can be generated by modifying the values of #, 2, & the argument of the
sumimation notation. Venty that vou get the same sum as above.

B0 51 X 2 1 2 (o
Examples:

1. Refer back to the summation notation for the Dichotomy Paradex on the front of thiz paper.
Modify m, x, & the argument of the summation notation so that the expanded form welds the
same sum. Ferify that your wew form is equivalent to the ans on the froni.
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Ak +1)

2. Consider the sum Z 2
+

a. Write the expanded form for # = 1 and find the sum.

b, Write the expanded form for 2 =4 and find the sum.
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¢ Write the exp, srm fw(armurman ,‘(3_, )
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III. Inthe next investigation, we will be doing algebraic proofs by the process of Mathematical Induction

A key step in the induction process is to be able to wite @ sume recursively. Look at the example below
K

Let 3G D = (3FIH D GE2HDHGFIAD 4 (B3R D)
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Then, E(ﬁﬂ)=(3*1+1)+(3*2+1)+(3*3+1}+...+(3*;;+1) Ak +1+1]
jml

So, 3G+ = Zk:(3i+1) + [3k+T 1]
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In general, E a, = [ Z @, J + @, isthe sum written recursively.

P} T=m

Mow you try. Write the following sum recursively.
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Putting it all together. ...

Let S0k) be the statement: S(k) =

5
a Find 9./ and owthatS(ﬁ)istme.
.J‘—l } A ‘l
PrT+3 b 45 = 5 (5+1)

235

!
3
b, Write z_f recursively,
= k+1 K

¢ Tse (a) and (B) to fde}

é_ ’a/ i -3' + CS-H)
= ¢ 3
Pradr st 440 22T + 26
Fo s g

d  Based on part ¢, 15 5(6) iz true?

YES!
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@ HOMEWORK ANSWERS @

n+l
1. Ifr=2find 3 F — 2k 21
k=n
In 2-3, use summation notation to express the sum
2. (_2]'2+(-1]'1+{:“+1]+’>2+,_, + #" 3 —r +— + 1 +—+—1 +—}

S Kk > (o)

k=-2 k=-2

4. a. Rewrite the Equation (1+D+2+H+B+D+.. +tmt+rh)=
(l +24+3+ .. +n+ (1 +4+ 9 + ... + #*) using summation notation.

'?(r+r2)—?r+ r2
=1

b. bhow that the equation 1s true forn—ﬁ. 6
z(k+k2)—112 ?k + S k2=
k = k=1

21 + 91 =112

101
a. Express E(: + i Jmterms

o
=

100

100
> (i + .!'3) + (101 + 1013)
of %(; + %), i=0

] 100
b. Giventhat 3 (i + i*) = 25,507,550,
i=0

26,537,952

wr,
find ¥ (i + i)
=0
6. Let S(m) be the statement E (.3:‘ + "k) w.

a. Find E (2 + 2k) and shm\ that S(4) is true.
4 x=1
> (k? + 2k) = 50; 4519 = 50
k=1

b. Rewrite E(ﬁ:‘ + 2k) in terms of E{ﬁr + 2k).
Y(k2+2k)+(n+1) + 2(n + 1)

k=1
c. Use your answers to parts a and b to find i {E + Ek::l? 85
¥= .
d. Use the answer to part ¢ to determine 1f 5(3) 1s true. True’
5.6.17 _ g5
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